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Abstract
We investigate the cosmological dynamics of nonlocally corrected gravity involving a function of
the inverse d’Alembertian acting on the Gauss–Bonnet term. Casting the dynamical equations in
local form, we derive the reconstruction procedure. We find conditions on the model parameters that
are sufficient for the existence of de Sitter solutions and obtain these solutions explicitly.
1 Nonlocal models with the Gauss–Bonnet term
A model that includes in its action a nonlocal term Rf(−1R), where f is a function of the inverse
d’Alembertian −1, has been proposed in Ref. [1] to explain the current cosmic acceleration without dark
energy[2, 3, 4] (see also Ref. [5, 6, 7]). This model has a local formulation [8] as a model with additional
scalar fields nonminimally coupled to gravity. In Refs. [4, 10, 9] the relation between the original
nonlocal equations and their local representation, and the differences between these formulations, have
been actively discussed. For the local version, the perturbation analysis has been proposed[11, 12]. In
Refs. [11, 13, 14, 15], reconstruction procedures for the local representation have been discussed that
allow to find such a function f so that the model has interesting cosmological solutions, for example,
de Sitter and power-law ones [13, 14, 15, 16], in the analytic form. The local formulation of this model
with an additional Gauss–Bonnet term has been explored in Ref. [17].
In Ref. [18], nonlocal models with the Gauss–Bonnet term were proposed in its general form and
the localization procedure, which transforms these nonlocal models into models of the Einstein–Gauss–
Bonnet gravity with scalar fields, were considered.
In Refs. [19, 20, 21], the investigation of nonlocal models with the Gauss–Bonnet term have been
continued, and new analytic solutions have been found.
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In this paper, we consider the following type of nonlocal models with the Gauss–Bonnet term G:
SNL =
∫
d4x
√−g
[
M2Pl
2
R+ Gf
(
1
M2
−1G
)
− Λ+ Lm
]
, (1)
where MPl is the reduced Planck mass, f a differential function, M and Λ are constants, and the
Gauss–Bonnet term is given by
G = R2 − 4RµνRµν +RµναβRµναβ .
A localization procedure [8, 18] allows us to get a local model with the Gauss–Bonnet term, by
introducing scalar fields ξ and ψ, and rewriting the action SNL as
SL =
∫
d4x
√−g
(
M2Pl
2
R+ f(ψ)G + ξ (G −M2ψ)− Λ+ Lm
)
. (2)
Varying SL over ξ, we get
ψ =
G
M2 ⇒ ψ =

−1G
M2 , (3)
what allows to reconstruct the initial nonlocal action.
To consider cosmological solutions, we assume a spatially flat Friedmann–Lemaˆıtre–Robertson–
Walker metric, with
ds2 = − dt2 + a2(t)δijdxidxj ,
and consider scalar fields that depend on time only. Using G = 24H2(H˙ + H2), with the Hubble
parameter H = a˙/a, we get the following evolution equations
3M2P lH
2 = −M2ψ˙ξ˙ + Λ− 24H3F˙ + ρm, (4)
(
3H2 + 2H˙
)
M2P l =M2ψ˙ξ˙ + Λ− 16H
(
H2 + H˙
)
F˙ − 8H2F¨ − Pm, (5)
where F ≡ f(ψ(t)) + ξ(t), and the dots denote the time derivatives. The pressure Pm and the energy
density ρm are components of the matter stress-energy tensor
Tmµν = −
2√−g
δ(
√−gLm)
δgµν
(6)
that satisfy the energy conservation law
ρ˙m = − 3H(Pm + ρm). (7)
In this paper, we consider only models with a perfect fluid, for which the EoS parameter wm ≡ Pm/ρm
is a constant. We introduce the cosmological constant Λ as well. Thus, we can assume that wm 6= −1,
without loss of generality.
Varying the action SL over ψ, we get the following field equation:
M2ξ = f ′,ψG, (8)
where a prime denotes the derivative with respect to ψ.
2
2 Reconstruction procedure
Our goal here is to find a function f such that the model has a solution with a given behavior of the
Hubble parameter. If H(t) is given, then one can obtain ψ(t), solving a linear differential equation (3):
M2
(
ψ¨ + 3Hψ˙
)
+ 24H2
(
H˙ +H2
)
= 0. (9)
If we know how ρm depends on Pm, then, from Eq. (7), we get ρm(t) and Pm(t).
Adding up Eqs. (4) and (5), we obtain a linear differential equation for F (t):
8H2F¨ + 8H
(
5H2 + 2H˙
)
F˙ = 2Λ− 2M2P l
(
3H2 + H˙
)
− Pm + ρm. (10)
Note that Eq. (10) is the first order differential equation for F˙ (t).
By solving this equation, we get the function F (t). Further, substituting the relation ξ(t) = F (t)−
f(ψ(t)) into Eq. (8) and using Eq. (9), we obtain the following linear differential equation for f(ψ):
(ψ˙)2f ′′,ψψ − 48
H2
M2
(
H˙ +H2
)
f ′,ψ = F¨ + 3HF˙ . (11)
To get f(ψ) as a solution of Eq. (11) we invert ψ(t) and obtain t(ψ). For some important behaviors of
the Hubble parameter this is possible to do.
3 Search of de Sitter solutions
Now, we look for a function f(ψ) such that the model has de Sitter solutions. So, H is a nonzero
constant: H = H0. In this case, the general solution of Eq. (7) is
ρm = ρ0e
−3H0(wm+1)t,
where ρ0 is an integration constant. Substituting the obtained function ρm(t) and H = H0 into Eq. (10),
we get the following solution
F˙ (t) =


(wm − 1)ρ0e−3H0(wm+1)t
8(3wm − 2)H30
+
(Λ− 3M2P lH20 )
20H30
+ C1e
−5H0t, wm 6= 2
3
,
ρ0te
−5H0t
24H20
+
Λ− 3M2P lH20
20H30
+ C˜1e
−5H0t, wm =
2
3
,
where C1 and C˜1 are integration constants.
Equation (9) has the following general solution:
ψ = ψ1e
−3H0(t−t0) − 8H
3
0
M2 (t− t0),
where ψ1 and t0 are integration constants. Without loss of generality, we assume that t0 = 0. To get
t(ψ) in the explicit form, we set ψ1 = 0 and obtain
t = − M
2
8H30
ψ .
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In the case of wm 6= 2/3, Eq. (11) has the following solution,
f(ψ) =
2C1
5H0
e
5M2
8H2
0
ψ
+ f1e
3M2
4H2
0
ψ
+
(
3M2P lH
2
0 − Λ
)M2
320H60
ψ − ρ0wm e
3(wm+1)M
2
8H2
0
ψ
24H40 (3wm − 2)(wm + 1)
,
where f1 is an integration constant. The evolution equations define f(ψ) up to a constant. So, we can
put this constant equal to zero without loss of generality.
In the case of wm = 2/3, we obtain:
f(ψ) =
2C˜1
5H0
e
5M2
8H2
0
ψ
+ f1 e
3M2
4H2
0
ψ
+
(
3M2P lH
2
0 − Λ
)M2
320H60
ψ − 5M
2ψ + 52H20
2400H60
ρ0e
5M2
8H2
0
ψ
.
Substituting the functions here obtained into Eq. (4), we get a restriction on the integration constant:
f1 = 0. This restriction is the same both for the case of w = 2/3 and for the opposite case.
The obtained results motivate more detailed analysis of the considered nonlocal models with the
function f , which is a sum of exponents. We leave the detailed study of the de Sitter solutions obtained
for future investigations.
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